Abstract Many classical results in relativity theory concerning spherically symmetric space-times have easy generalizations to warped product spacetimes, with a two-dimensional Lorentzian base and arbitrary dimensional Riemannian fibers. We first give a systematic presentation of the main geometric constructions, with emphasis on the Kodama vector field and the Hawking energy; the construction is signature independent. This leads to proofs of general Birkhoff-type theorems for warped product manifolds; our theorems in particular apply to situations where the warped product manifold is not necessarily Einstein, and thus can be applied to solutions with matter content in general relativity. Next we specialize to the Lorentzian case and study the propagation of null expansions under the assumption of the dominant energy condition. We prove several non-existence results relating to the Yamabe class of the fibers, in the spirit of the black-hole topology theorem of Hawking-Galloway-Schoen. Finally we discuss the effect of the warped product ansatz on matter models. In particular we construct several cosmological solutions to the Einstein-Euler equations whose spatial geometry is generally not isotropic.
Introduction
In this paper we report on our investigation of pseudo-Riemannian warped product manifolds with 2 dimensional base. We prove, in this context, a microcosm of results that either generalize those previously were shown in the setting of a spherically symmetric ansatz in general relativity, or that specialize (with much simpler proofs) results known in greater generality.
Our two main observations are:
1. Many Lorentzian geometric results relating to spherically-symmetric spacetimes do not, in fact, make full use of the spherical symmetry ansatz. In particular, they can be reproduced in the warped product context with essentially arbitrary fibers. These include the rigidity portion of Birkhoff's University of Toronto, Toronto, ON; xinliang.an@utoronto.ca † Michigan State University, East Lansing, MI; wongwwy@member.ams.org theorem, the realization of the Hawking energy as a dual potential of a geometric vector field, as well as much of causal theory under the dominant energy condition.
2. When coupled to matter fields in the general relativistic setting, the warped product ansatz often impose strong restrictions on the allowable solutions, reducing the theory to be essentially similar to the spherically symmetric case. This include our novel generalized Birkhoff theorem classifying warped product electrovacuum solutions (previous results only treat vacuum solutions), as well as our observation that in the case of scalar field and fluid matter, the warped product ansatz forces the fiber manifold to be Einstein (but not necessarily homogeneous).
One of our original goals in the present paper was to develop a framework suitable for future investigations of the dynamical properties of solutions to Einstein's field equations, under the simplifying warped-product ansatz. The spherical symmetry ansatz has led to remarkable discoveries [5, 7, 10, 9, 8, 3] , and similarly planar or toroidal symmetries [18, 17] . There has been furthermore recent results concerning general surface symmetric spacetimes [11] . One of our conclusions, unfortunately for our original motivation, is that for some common matter models, the warped-product ansatz is no more general than the surface symmetric ansatz.
Below we first introduce the warped product ansatz and then summarize the main results of this paper.
Pseudo-Riemannian warped products-Let (Q, g) be a two-dimensional pseudoRiemannian manifold and (F, h) be a pseudo-Riemannian manifold with dimension n ≥ 2. We consider the warped product M = Q × r F where r is a positive real-valued function on Q. The warped product metric on M is given by
where by an abuse of notation we identify g and h with their pull-backs onto M via the canonical projections. We refer to r as either the warping function or, following the relativity literature, the area radius.
Throughout we will use ∇ [g] , ∇ [g] , and ∇ [h] to denote the Levi-Civita connection on (M,g), (Q, g), and (F, h) respectively; when there is no risk of confusion (e.g. for scalars) we will just use ∇. Similarly Ric [g] , S [g] etc. will denote the corresponding Ricci and scalar curvatures, and G [h] etc. will denote the corresponding Einstein tensors G [h] = Ric
[h] − 1 2 S [h] h. In this subsection we record some basic, well-known properties of warped-product manifolds; see [19, Ch. 7, [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] and [2, Ch. 3, §6] for detailed proofs and com-putations (note that in the latter the authors define the warping function as what would be r 2 in our notation). In particular the fibers {q} × F are totally umbilic with mean curvature − n r (dr) ♯ .
Proposition (Connection properties
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Proposition (Curvature properties [19, ¶7.44])
On M = Q × r F, given X, Y tangent to Q and V , W tangent to F, we have:
Convention
We let ∇ 2 r denote the lift to M of the Hessian of r on (Q, g). The operator △ g = tr g ∇ 2 is the Laplace-Beltrami operator of the metric g; depending on its signature the operator could be either elliptic or hyperbolic (recall that Q is twodimensional).
An immediate consequence of the curvature properties is that the Einstein tensor is block-diagonal. More precisely, we can write G [g] = G Q + G F where G Q is tangent to Q and G F is tangent to F, and are defined by
Here we used that since (Q, g) is two-dimensional, its corresponding G [g] ≡ 0. Note that in the case n = 2 (such as in the case of spherically symmetric solutions in (1 + 3)-dimensional gravity), the last equation simplifies also with G [h] ≡ 0.
Summary of results-In Section 2 we introduce definitions, in the setting of warped-product manifolds, of the Kodama vector field and Hawking energy density. These generalize their well-known counterparts in spherical symmetry. We remark here that we make no a priori assumptions on the fiber (F, h) being symmetric. The main results proven in this section are Propositions 2.7 and 2.16. The former is a generalization of Birkhoff's rigidity theorem; it states roughly that if G Q is pure-trace then the base manifold (Q, g) admits a Killing vector field. Our hypothesis is weaker than previous results in this direction [20] . The latter states that the Hawking energy is the dual potential for the energy current associated to the Kodama vector field, a result only previously shown in spherical symmetry [15] .
In Section 3 we consider the consequences that G F is pure-trace. The main result is Theorem 3.2 which generalizes the classification portion of Birkhoff's theorem. Roughly speaking, we are able to fully classify manifolds for which G Q and G F are both pure trace (note that our assumptions do not require (M,g) to be Einstein). The allowable manifolds are special Cartesian products, certain pp-wave space-times, and generalizations of the Reissner-Nordström(-(A)dS) family. Note that in this and in the previous section we allow our manifold to have arbitrary signature.
We restrict to the Lorentzian case in Section 4, and study the causal propagation properties in conjunction with the dominant energy condition. In Theorem 4.11 we give a very short proof of the black hole topology theorem in our limited setting, and complement it with several other non-existence results that depends on the topology of the fiber F (see Theorem 4.13 and Proposition 4.16).
Finally in Section 5 we consider the effects of the warped product assumption on matter models. The main thrust of the results is that matter models force additional rigidity into the problem, and lead us to results similar to the spherically symmetric cases.
Kodama, Birkhoff, and Hawking
On the manifold (Q, g), making use of its two-dimensionality we can write down the Kodama vector field
where * g is the Hodge operator (see Appendix A for a summary of its properties and some related notations). K lifts to a vector field on M that is orthogonal to the leaves F; we abuse notation and call the lift also K. This vector field was first constructed for spherically symmetric solutions in general relativity by Kodama [15] who realized that the Hawking energy can be described as an energy flux for this vector field. Recently it has been also used as a replacement for the timelike Killing vector field when trying to analyze non-static spherically symmetric solutions to the Einstein equations (see [1] and references therein). The goal of this section is to obtain generalizations of the above two uses to the context of pseudo-Riemannian warped products.
Let X be a vector field on (Q, g), identified with its lift to M. Its deformation tensor on (M,g) is by definition
By the warped product construction, L X g is the same as the lift of the corresponding object on Q, while L X h = 0. So we obtain that
An immediate consequence is that (see also [2, Remark 3.57. (7) The Kodama vector field is not Killing on (Q, g) in general; however, K is divergence free (since d 2 = 0). This implies that tr g L K g = 0. Furthermore, by its definition K(r) = 0, and so we conclude the following generalization of Kodama's result in spherical symmetry [15] .
Lemma
The deformation tensor of K as a vector field on (M,g) is the lift of its deformation tensor as a vector field on (
Let us examine L Kg in more detail. On the base manifold we have
by (2.1). Therefore by the first part of Proposition A.4 we have
Since the Hessian is symmetric, we can apply the second part of Proposition A.4 to get
Note that inside the bracket on the right hand side is twice the trace-free part of the Hessian of r. This implies, in particular, the following version of Birkhoff's rigidity theorem. [20, 12] . Our hypotheses are much weaker and are suitable for applications in relativity (see, e.g. Corollary 5.7).
Remark
We mention in passing that, under the assumptions of Proposition 2.7, when dr 0, then the subset {dr = 0} ⊂ Q must be discrete. Killing's equation implies that ∇(K ♭ ) is purely anti-symmetric; since Q is two-dimensional, this quantity must be proportional to the volume form. Supposing {dr = 0} has a limit point p, then there would exist a vector V ∈ T p M \ {0} such that ∇ V K| p = 0. This implies the constant of proportionality is 0 at p, and hence ∇K| p = 0. This then implies K vanishes identically.
We conclude this section with a discussion of a generalization of the Hawking (or Misner-Sharp) energy to warped product space-times. Since we do not assume that (F, h) is symmetric, it is most convenient to work in terms of the corresponding energy density.
Definition (Hawking energy)
Let M = Q × r F be a pseudo-Riemannian warped product. Consider the function ̟ given by the expression
The n-form ̟ · dvol h is the Hawking energy density, where dvol h is the pull-back to M of the volume form of the metric h on F.
Remark
The normalizing factor n(n−1) is the scalar curvature of the standard unit sphere S n . Note also that a factor of ̟ appears in the second line of (1.6a).
In the case of spherical symmetry, Kodama observed that the Hawking energy is the dual potential to the conserved current generated by his namesake vector field [15] . Here we give a generalization to pseudo-Riemannian warped products.
Definition (Kodama current)
The Kodama current ζ is the one-form defined on M by the expression
Remark
We note that ζ is tangential to Q, since by the warped product assumption G [g] is block diagonal.
Proposition
The Kodama current is divergence free.
the Einstein tensor is divergence free, and the first term vanishes. Since the Einstein tensor is symmetric, the second term can be re-written as
Now, by Lemma 2.3 we have L K g is g-trace-free. As we have already seen, by (1.6a) the g-trace-free part of G Q is precisely given by the trace-free part of the Hessian ∇ 2 r, so we get
where the second equality is due to (2.5) (see Appendix A for notation).
The Hawking energy density is the dual potential for the Kodama current:
Proof Since dvol h is a top-form on F, the proposition follows if we can show that for every X tangent to Q,
We compute
Noting that the Hessian ∇ 2 r is symmetric, we can apply Proposition A.4 to get
The term inside the square brackets is precisely
Remark
Note that we can equivalently write r n ( * g ζ) ∧ dvol h as * g ζ, the space-time Hodge dual of the Kodama current.
Pointwise isotropy of G F on F
In the previous section we have already explored the consequence if G Q is assumed to be proportional to g (Proposition 2.7); note that the coefficient of proportionality is, in general, allowed to be a function on M that can depend on the position on F. In this section we will collect some consequences of the assumption that G F instead is proportional to h.
Lemma (Rigidity)
Let M = Q × r F be s pseudo-Riemannian warped product, and suppose that
Proof Combining the assumption on G F with (1.6b), we obtain
In the case n = 2, the Einstein tensor G [h] ≡ 0, and as r and S [g] are all constant along F, so must λ.
In the case n ≥ 3, noting that the above expression implies that Ric [h] is pointwise proportional to the metric h, we have that (F, h) is necessarily Einstein (see [19, Ch. 3, exer . 21]) and hence both S [h] and λ are constant along F.
Assuming that G Q and G F are both pure trace, we can fully classify pseudoRiemannian warped products under some assumptions on their coefficients of proportionality. This is one of the main results of this paper and is a generalization of the classification part of Birkhoff's theorem.
Theorem (Birkhoff's theorem for warped products: classification)
Let M = Q× r F be a pseudo-Riemannian warped product, where Q has dimension 2 and is connected. Suppose there exist constants Λ and κ, as well as a function p such that
Then, defining
we have that there exist constants p 0 and m such that
In addition (3.3d) there exists a non-trivial, Q-tangential Killing vector field on (M,g).
Finally, exactly one of the following holds:
1. The warping function r is constant. M is a Cartesian product Q × F here F is Einstein and Q is maximally symmetric. (In other words, Q is either locally isometric to the Euclidean plane R 2 , the Minkowski plane R 1,1 , or one of the four two-dimensional hyperquadrics.)
2. The warping function r is not constant, but dr, dr g ≡ 0. (Q, g) is locally isometric to the Minkowski plane R 1,1 with ∇ 2 r ≡ 0, and we have either 
where r is the warping function and the metric coefficients are given explicitly by (3.3c). Furthermore, in the case where g is Lorentzian, on the set {dr 0} the metric g can be expressed in local coordinates as
Proof First, a few immediate consequences:
• From Lemma 3.1 we have that p is constant along F. This implies also via (1.6a) that S [h] is constant, and hence for all n ≥ 2 we can conclude that (F, h) is Einstein.
• By Proposition 2.7 the Kodama vector field is Killing. So either dr = 0 everywhere, or {dr = 0} is discrete (see Remark 2.9).
Under our hypotheses, the Einstein tensor takes the form
we have that
First consider the case dr ≡ 0. By (3.5) we have that p must be constant and hence (3.3b) holds. With an appropriate choice of the constant m then (3.3c) also holds trivially, being an algebraic relation. Finally by (1.6b) the base manifold (Q, g) has constant scalar curvature, and hence is Einstein and maximally symmetric. This implies both the first of the trichotomy options, as well as (3.3d). 
for some constant p 0 . This verifies (3.3b). It also further implies G Q = (κp 0 r n(1−κ)/κ − Λ)g from which we conclude
Therefore
where Π is as defined in (3.3a). By Proposition 2.16 we have then
defines a constant. Going back to (2.11) and rearranging we see that (3.3c) also hold (using in the course Proposition A.4). Now, since we assume dr does not vanish identically, K is non-zero on an open and dense subset of Q. We claim that the set { K, K g = 0} either has empty interior or is equal to the whole of Q. By (3.3c), on this set we must have
Since the functions 1, r 1−n , and r 2 are linearly independent over an interval, and Π · r 1−n = 0 can at most be in the linear span of one of them, this implies either r is constant on { K, K g = 0}, or (3.8) is an identity that holds for all r. Our claim follows.
Suppose now we are in the case where K is null on the whole of Q but dr does not vanish identically. This implies [g] (K, -) = 0. As Q is two dimensional this implies Q is flat. Next, examining (3.3a), we see that for (3.8) to hold for all r, necessarily m ≡ 0. Furthermore, for generic κ, G [g] must vanish identically as κp − Λ and p − Λ must both vanish; the only exception being the case when n ≥ 3 and κ = n n−2 , in which case Λ = 0 and 2κp 0 + S [h] = 0. In the generic case this implies (M,g) is Ricci-flat, and by (1.4c) (together with the fact that ∇ 2 r ≡ 0) so is (F, h). This proves the second of the trichotomy options.
It remains to consider the case where {K is null} has empty interior and derive expressions for the metric. In a neighborhood where K is not null, the vector fields K and ∇r are independent and orthogonal. Let s be a local solution to the equation dr, ds g = 0, i.e. s is constant along the integral curves of ∇r. Since K is Killing and K(r) = 0, we have
is constant along the level sets of s. Therefore by reparametrizing we can assume without loss of generality that s satisfies K(s) ≡ 1, at least locally, or that K = ∂ s in the (r, s) coordinate system. Therefore in this coordinate system the metric g has the line element exactly as given in (3.4a).
When (Q, g) is Lorentzian, the conformal structure uniquely defines a doublenull foliation of Q. On sufficiently small domains on which K does not vanish, we can select a function u such that du, du g ≡ 0 and du, dr g never vanishes.
implying that K(u) is a function of u only. And so by reparametrizing u we can assume that K(u) ≡ 1 on our small domain. Next, observe that since K, K g = − dr, dr g as g is by assumption Lorentzian, and by construction K(r) = 0, we have that the two vectors K ± (dr) ♯ are null, and hence one of them is parallel to L. This implies that
Noting finally that in the (r, u) coordinates K = ∂ u , we have that the metric g must take the form (3.4b) as claimed.
Applications to relativity
In the remainder of this paper, we will assume that (M,g) is a space-time. More precisely, we will assume that (Q, g) is such that Q is homeomorphic to R 2 and g has Lorentzian signature (−+), and (F, h) is connected with Riemannian signature (+ + . . . ).
Remark
Note that the universal cover of any Lorentzian two manifold (Q, g) is topologically R 2 , as S 2 is ruled out for lack of non-vanishing vector fields [2, Cor. 3.38].
For warped product space-times, causality properties of (M,g) and the base (Q, g) are generally the same. 2. There exists a double-null foliation: more precisely, there exist two linearly independent functions u, v : Q → R such that du, du g = dv, dv g = 0, and du, dv g < 0. Alternatively, there exists two linearly independent nonvanishing null vector fields L, N on Q such that L, N g < 0.
Relative to the double-null coordinates u, v, the metric g takes the conformal form
and hence a direct computation gives
The Laplace-Beltrami operator is (4.5)
Another general result is 2. If (Q, g) is globally hyperbolic with Cauchy hypersurface Σ, and (F, h) is complete, then Σ × F is a Cauchy hypersurface for (M,g).
We shall in general assume that (F, h) is complete.
At times we will also invoke energy conditions; we recall their definitions. Observe that the dominant energy condition implies the null energy condition by continuity.
Definition
• (M,g) is said to satisfy the dominant energy condition if for every pair of causal vectors X 1 , X 2 satisfying X 1 , X 2 g < 0, the Einstein tensor G [g] (X 1 , X 2 ) ≥ 0.
• (M,g) is said to satisfy the null energy condition if for every null vector L,
A critical concept in the discussion of gravitational collapse is the null expansion.
In the setting of warped product space-times, the computations simplify.
Given q ∈ Q, and let L, N be the two independent future-directed null vectors at T q Q. We say that q is Notice that while the null directions are determined uniquely by the metric g, there is no canonical way to choose the "lengths" of the null vectors. Correspondingly, the numerical values of L(r) and N (r) depend on the chosen frame; but their signs are invariant under rescaling by R + . Thus the above definition is independent of the specific vectors L and N used in the computations.
Let L be a null geodesic vector field, we compute
where we used (1.6a), provided that the null energy condition holds. This is the Raychaudhuri equation in the context of warped product space-times, and implies that the null-expansion is monotonically decreasing along null geodesics to the future.
Keeping L as a null geodesic vector field, define N to be the unique null vector field satisfying L, N g = −1. The normalization forces ∇ L N = 0. Under this setting, we have
Observing that dr, dr g = −2L(r)N (r) by our choice of normalization, we can re-write the equality as
An immediate consequence is a special case of the black-hole topology theorem [14, 13] .
Theorem (Black-hole topology)
Let (M,g) be a warped product space-time satisfying the dominant energy condition. Let γ denote a null geodesic segment on (Q, g), and L a smooth, futuredirected tangent vector field to γ . Let N denote a smooth, complementary futuredirected tangent vector field along (and transverse to) γ . Suppose p, q ∈ γ are such that
• q is to the future of p;
• N (r) ≤ 0 at q; N (r) > 0 at p.
Proof Since the sign conditions are invariant under rescaling of of the vector fields, we can assume without loss of generality that L is geodesic and L, N g = −1 along γ . Furthermore, as r > 0 by assumption, we thus have that N (r n ) is non-positive at q and positive at p.
By the mean value theorem, there exists some point p ′ on γ between p and q such that ∇ L N (r n ) < 0. Applying (4.10) at this point we have that
By the dominant energy condition the first term is non-negative, and hence S [h] > 0.
We note that γ ×F is a null hypersurface in (M,g). A version in terms of space-like hypersurfaces (as in the case of [14, 13] ) follow as an immediate consequence. Proof Let γ be the null geodesic generated by L through q def = σ(0). For p to the past of q and sufficiently close to q, the transverse null geodesic to γ through p can be extended to intersect σ at some point p ′ q. As N (r)| p ′ > 0, by (4.9) N (r)| p > 0 also, and thus we can apply Theorem 4.11.
As a result, we can also rule out spatially periodic solutions which contain regular regions, when (F, h) has negative curvature. (When S [h] > 0, a classical example of such a space-time is the maximally extended Schwarzschild-de-Sitter solution.) In fact, such manifolds are necessarily trivial or cosmological.
Theorem
Let (M,g) be a globally hyperbolic warped product space-time satisfying the dominant energy condition, with S [h] ≤ 0. Suppose there exists a Cauchy hypersurface σ of (Q, g) and a fixed-point-free isometry φ : Q → Q that preserves time-orientation, maps σ into itself, and commutes with the warping function r. Then either
• dr is time-like everywhere;
• (M,g) is a Cartesian product, with (Q, g) flat and (F, h) Ricci-flat.
In particular, (Q, g) can contain no regular points.
Proof Let L and N denote our pair of linearly-independent, future-directed null vector fields on Q. We first claim that L(r) and N (r) has constant sign on Q. Let q ∈ σ. It splits σ into to components σ + and σ − , the two rays emanating from q with tangents whose scalar products against N are respectively positive and negative. By the contrapositive of Corollary 4.12, if N (r)| q > 0 then N (r)| σ − > 0; if N (r)| q < 0 then N (r)| σ + < 0. As φ has no fixed points, the orbit of σ ± under φ is the entirety of σ. This shows that the sign of N (r) must be constant along σ. By global hyperbolicity and the monotonicty formulae (4.9) (which states ∇ N N (r) ≤ 0) and (4.10) (which states ∇ L N (r n ) ≥ 0, using the non-positive curvature condition), the sign of N (r) must be constant then along Q. Now suppose that dr is not time-like, then L(r)N (r) ≤ 0. There are two possibilities. First, suppose every point in Q is regular. But at regular points dr is space-like, and in particular r must be strictly monotonic along σ. This contradicts the existence of φ : σ → σ with no fixed points that preserves r in the hypotheses. Hence (Q, g) can contain no regular point.
Similarly, suppose N (r) = 0 and L(r) 0. Then (dr) ♯ = λN with λ 0. This implies also that r must be strictly monotonic along σ, which contradicts the existence of φ. Hence we conclude that the only alternative to dr being time-like is if L(r) = N (r) = 0 everywhere, and hence r is constant. Returning to (1.6a), we see that in this case, for the dominant energy condition to hold, we must For the open case one would generally want to impose asymptotic conditions. We consider in particular the case of asymptotically conical spacetimes. 4.14 Definition Let (M,g) be a globally hyperbolic warped product space-time. We say that it is asymptotically conical if (F, h) is a closed Riemannian manifold, and there exists a Cauchy hypersurface σ of (Q, g) such that
1. σ can be written as the disjoint union of σ − , σ 0 , and σ + where σ 0 is compact and σ ± are diffeomorphic to R.
On σ ± the function r functions as a coordinate taking values in (r ± , ∞).
3. The induced metric on σ ± converges to dr ⊗ dr as r → ∞.
4. The geodesic curvature of σ ± converges to 0 as r → ∞.
Remark
We assumed our space-time is two-ended. With the exception of (F, h) being S n with the standard metric, in which case we are in the usual spherically-symmetric setting, a warped product space-time cannot have "only one end". (In the case of the standard sphere there is the possibility of closing up the points at which r ց 0.)
An immediate consequence of our definition is that We omit the proof as it is very similar to and simpler than the proofs of Theorem 4.13 and Proposition 4.16; but remark that the obvious counterexample is ruled out by Remark 4.15.
Proposition
To conclude this section, we remark that the asymptotic conical assumption implies that, by possibly enlarging σ 0 , we can assume σ + consists entirely of regular points. Let γ be the future-directed null geodesic ray emanating from ∂σ + with ∇γ r| γ (0) < 0, then within the future development of γ ∪σ + we have that Dafermos' conditionÃ ′ [9, Sec. 6] holds, and hence the result concerning completeness of future null infinity applies equally.
We add further that in a system where the initial data for all matter fields except for electromagnetism have compact support, and the cosmological constant Λ vanishes, Dafermos' condition E ′ on the non-emptiness of future null infinity follows from Theorem 3.2; see also the next section.
Matter models
In the following we will assume that our space-time (M,g) solves Einstein's equation
where Λ is the cosmological constant, and T is the stress-energy tensor for the matter content. This can be re-written in terms of the Ricci tensor as
The warped product structure on (M,g) forces the Einstein tensor to be blockdiagonal, and hence through (5.1) we can also write T = T Q + T F , where T Q is tangent to the base Q and T F is tangent to the fibers F. Einstein's equation then
Electrovacuum space-times-Let us consider first the case that the space-time is either devoid of matter content, or that the only matter field is electromagnetic; lessons from the spherical symmetric setting show us that these two cases can often be bundled with similar features.
Writing H for the Faraday tensor in linear electrodynamics, the stress-energy tensor can be written in index notation as
We make the following assumption:
H is the lift of a two form from Q.
In the case of spherical symmetry this assumption holds automatically (except when n = 2 where one can also have a factor proportional to dvol h ). As Q is twodimensional, this means that H = α dvol g for some scalar function α. This in particular implies that H ac H c b = −α 2 g ab (see Proposition A.4), and therefore the stress-energy tensor take the form
Thus we can apply Birkhoff's theorem (see Proposition 2.7 and Theorem 3.2) with κ = −1 to obtain a complete description of such solutions.
Corollary
Let (M,g) be a warped product electro-vacuum space-time, which we assume satisfies (5.5). Then there exists a constant α 0 such that
and that
Furthermore, exactly one of the following holds:
1. H, Λ, and m vanish identically, (Q, g) is locally isometric to R 1,1 , (F, h) is Ricci-flat, and r is equal to one of the canonical optical functions on R 1,1 .
2. The function r is constant and the two-form H is covariantly constant on Q. The manifold (Q, g) is maximally symmetric and (F, h) is Einstein. The
3. The Kodama vector field K is a non-trivial Killing field, the metric g can be written in Eddington-Finkelstein form
This class includes the special cases of the Reissner-Nordström family (and their de Sitter and anti de Sitter counterparts) with (F, h) being the standard S n .
Remark
Corollary 5.7 is compatible with Theorem 4.13. Consider in particular the section option: For the dominant energy condition to hold necessarily 
This gives
n Λg by (5.2). That the Ricci tensor is block diagonal implies that φ is either constant along Q, or constant along F.
In the case φ is constant along Q, by (1.4c), we must have (5.12) r△ g r + (n − 1) dr, dr g = c for some constant c, as the other terms are independent of Q. This implies then (F, h, φ) is a solution of the Riemannian Einstein-scalar-field problem Ric [h] − ch = dφ ⊗ dφ. However, this requires dφ · △ h φ = 0, and in the case of (F, h) being a closed Riemannian manifold, or in the case of (F, h) being open and we impose suitable decay conditions on φ, this implies the field φ is constant. From this we conclude that T ≡ 0 and we are reduced to the vacuum case.
In the case φ is constant along F, again we must have (5.12) holding, which implies (F, h) is Einstein. And the equations of motion reduce similarly to the case of spherical symmetry. The fundamental unknowns are the metric g (which after fixing a double-null coordinate system has one degree of freedom; see (4.3)), the warping function r, and the scalar field φ, which now satisfies (5.3b). It is convenient to augment the system with the Hawking energy. The equations are given by the following quasilinear system:
In the null coordinates u, v, the equations can be expressed using (4.3), (4.4), and (4.5); furthermore, following an observation of Christodoulou [4] , the metric factor Ω can be eliminated (algebraically) by the formula
.
That the metric decouples is effectively due to the scalar field being a conformal field in two space-time dimensions. We obtain the system (making use of the subscript notation for partial differentiation)
Much of the analysis of Einstein-scalar-field systems in spherical symmetry can be carried out analogously for this system. For example, the following is an immediate consequence of the propagation equations for the Hawking energy,
Lemma (Monotonicity of Hawking energy)
• When Λ ≥ 0, in the regular region (namelyS −
2̟
r n−1 > 0), we have that r ,u and ̟ ,u have the same sign, and r ,v and ̟ ,v have the same sign.
• When Λ ≤ 0, in trapped regions ̟ is non-decreasing in both u and v, and in anti-trapped regions ̟ is non-increasing.
For asymptotically conical solutions, this monotonicity also immediately implies a corresponding Penrose inequality; this statement holds in a much general setting, see the discussion in [9, Sec. 5].
Another particular consequence of this monotonicity is that
Proposition
Let (M,g, φ) be a warped product space-time solving the Einstein-scalar-field system with Λ ≤ 0 and S [h] ≥ 0. Then the trapped region is a future set, i.e. if q is trapped and p is to the future of q, the p is also trapped. In particular, the boundary of the trapped region is achronal.
Proof As q is trapped, we have thatS − This result is specific to the scalar-field model. For general space-times, the geometry of the boundary of the trapped region can be much more complicated; see [16] . We remark here that this monotonicity property does not rely on the dominant energy condition, as when Λ ≤ 0 the dominant energy condition is generally violated (the null energy condition, however, holds).
Fluids-For a fluid with density ρ, pressure p, and velocity field ξ, the stressenergy tensor is given by
As ξ is required to be a unit time-like vector field, we have that the condition T is block diagonal requires ξ to be tangent to Q. This implies that T F is proportional to h. By Lemma 3.1 necessarily p is constant along F.
Furthermore, as the trace-less part of of T Q is (p + ρ)ξ ⊗ ξ + 1 2 (p + ρ)g, which as we recall is equal to the trace-less part of n r ∇ 2 r, we must have that ρ and ξ are also independent of F, which then, by consideration of the pure-trace part ( 1 2 (p − ρ)g) and (1.6a) gives us that (F, h) has constant scalar curvature. So for any dimension n ≥ 2 we can conclude that (F, h) is Einstein.
Therefore the equations of motion reduce similarly as in the case of spherical symmetry. The conservation law (5.3b) implies
which leads us to the following system of equations
Making the usual assumption that our fluid is homentropic, we can postulate that the equation of state is captured in a relation p = p(ρ). Consider the pair of functions Ξ(ρ) and H(ρ) given by Ξ ′ /Ξ = 1/(p + ρ) and H ′ /H = p ′ /(p + ρ). They are related to the per-particle enthalpy, and we note that
′ so we will postulate ΞH = p + ρ. The equations of motion can be re-written as div g (r n Ξξ) = 0, (5.19a)
As ξ is the lift of a vector field from Q, and H by our discussion above is a function on Q, we must have that the two-form d(Hξ ♭ ) is proportional to the volume form on Q, and the fact that its interior product with ξ vanishes implies that
This equation gives the unsurprising fact that homentropic fluids on a warped product space-time must be irrotational (the two form in question being precisely the vorticity for relativistic fluids).
Combining with (5.19a) we see that Hξ solves a nonlinear Hodge system. On simply connected domains that Hξ is curl-free allows us to lift to a fluid potential which then solves a quasilinear wave equation; see also [6, Ch. 1] . Here, for simplicity, we specialize to the ultra-relativistic equations of state p = γ ρ where γ ≥ 0 and √ γ is the speed of sound. Two specific cases with cosmological applications are γ = 0 (the dust model) and γ = 1 n+1 (the radiation model, where trg T = 0).
In this setting we can solve
The equations of motion become the following system of equations on Q:
We note in the case of the dust model, the second equation implies that ξ is geodesic.
Cosmological solutions-Now consider the cosmological setting where we have Einstein's equation coupled to an ultra-relativistic fluid. We assume that we are in the expanding setting, where every point is anti-trapped and r serves as a timefunction.
We assume further the homogeneity condition (5.22) There exists a Killing vector field on (Q, g) that preserves ρ, r, and ξ.
Note that we do not assume that the fluid velocity ξ is orthogonal to the level sets of the function r; as we will see below the orthogonality can be derived as a consequence of condition (5.22).
On (Q, g) we choose a coordinate system (r, s), where dr, ds g = 0; this can be obtained by setting s constant along the integral curves of ∇r. The Killing vector field in (5.22) can then be identified with ∂ s . The unknowns (all as functions of r) are Components of the metric :
Components of ξ ♭ : ξ r dr + ξ s ds;
The density : ρ.
Note that σ = − dr, dr g . for some constant m; compare to (3.3c). With the explicit form of σ, the right hand side of (5.24b) can be integrated explicitly as it is a rational function of r. We shall not perform the explicit integration here, but just note the following asymptotic properties as r ր ∞: Λ > 0: σ grows quadratically in r, this implies that α/σ converges to a fixed constant. By rescaling s we can assume that this constant is 1. This shows that the geometry converges toward the vacuum geometry (3.4a) of Theorem 3.2. This reflects the fact that for the dust fluid the density ρ decays as the inverse of the spatial volume √ ar n . Λ = 0: when the cosmological constant vanishes, we have to consider the next most significant term, which is S [h] .
First observe that
S [h] < 0: The spacetime continues to expand as r → ∞. When dimension n > 2 again we have that α/σ converges to a fixed constant, and we again converges to the vacuum geometry of (3.4a); the expansion only occurs in the fiber directions but not on Q.
When dimension n = 2, however, α/σ grows logarithmically, and departs from the vacuum geometry.
S [h] > 0: In this case we must have m > 0 to admit a trapped/anti-trapped region. Therefore for some finite r we have σ = 0, signaling the arrival at a cosmological horizon (similarly to inside the white-hole region of the extended Schwarzschild solution).
S [h] = 0: In this case, for the solution to be expanding, we must have the mass parameter m > 0. The equation (5.24b) can be integrated explicitly to obtain that α grows, at leading order, like r 2 .
In the case Λ > 0, we have that the right hand side of (5.24b) is integrable near infinity. In this case it is also interesting to analyze the asymptotic behavior to the past. We consider specifically the case where S m > 0: The right hand side of (5.24b) is integrable near the origin. In this case the past asymptotic behavior depends on the constant of integration (equivalently the limit at r ր ∞), the three possibilities are 1. α vanishes at some finite r 0 , the asymptotics are the same as described above.
